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Abstract
Heun functions generalize well-known special functions such as Spheroidal Wave, Lame´,
Mathieu, and hypergeometric–type functions. They are applicable to diverse areas such as theory
of black holes, lattice systems in statistical mechanics, solutions of the Schro¨dinger equation of
quantum mechanics, and addition of three quantum spins.
We consider the radius of convergence of the Heun function, and we show why the Poincare´–
Perron (P–P) theorem is not available for the absolute convergence since it is applied to the
Heun’s equation. Moreover, we construct the absolute convergence test in which is suitable for
the three term recurrence relation in a power series.
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1. Introduction
When one takes a power series solution to the Heun equation, one gets a 3-term recurrence
relation with polynomial coefficients [9]. The Heun function cannot be described in the form of
a contour integral of elementary functions because of the 3-term recursive relation except special
cases; for the general case, any simple integral forms of Heun functions have not described yet.
Heun functions appear in theoretical modern physics. For examples Heun functions come out
in the hydrogen-molecule ion [23], in the Schro¨dinger equation with doubly anharmonic potential
[17] (its solution is the confluent forms of Heun functions), in the Stark effect [6], in perturbations
of the Kerr metric [1, 2, 8, 11, 12, 22], in astrophysics [5], in Collogero–Moser–Sutherland
systems [21], etc, just to mention a few [3, 19, 20]. Traditionally, we have constructed all physical
phenomenons by only using hypergeoemtric-type functions having a 2-term recursion relation in
power series expansions until 19th century. However, modern physics (quantum gravity, SUSY,
general relativity, etc) seem to require at least a three or four term recurrence relation in power
series expansions. Furthermore these type of problems cannot be reduced to a 2-term recurrence
relation by changing independent variables and coefficients generally.
In mathematics and physics societies, it has been believed that we obtain radii of conver-
gence for power series solutions of every linear ODEs including Heun’s equation by applying
the Poincare´–Perron (P–P) theorem [15, 16]. However, the author claims that we cannot apply
its theorem into linear ODEs because it violates uniqueness theorems and invariant properties.
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In this paper, we show that the domain of a Heun function obtained by applying the P–P theorem
is not absolutely convergent but only conditionally one. The radius of convergence of a Heun
function is constructed properly without using the P–P theorem. And we present why the P–P
theorem creates the problem if it is applied to a Heun function.
The Heun’s equation is a second-order linear ordinary differential equation of the form [9]
d2y
dx2
+
(
γ
x
+
δ
x − 1 +
ε
x − a
) dy
dx
+
αβx − q
x(x − 1)(x − a)y = 0 (1.1)
With the condition ε = α + β − γ − δ + 1. The parameters play different roles: a , 0 is the
singularity parameter, α, β, γ, δ, ε are exponent parameters, q is the accessory parameter. Also,
α and β are identical to each other. The total number of free parameters is six. It has four regular
singular points which are 0, 1, a and∞ with exponents {0, 1 − γ}, {0, 1 − δ}, {0, 1 − ε} and {α, β}.
Assume that y(x) has a series expansion of the form
y(x) =
∞∑
n=0
dnxn+λ (1.2)
where λ is an indicial root. Plug (1.2) into (1.1):
dn+1 = An dn + Bn dn−1 ; n ≥ 1 (1.3)
with An = A An and Bn = A Bn
A = 1+aa
B = − 1a
An =
n2 +
γ + ε − 1 + 2λ + a(γ + δ − 1 + 2λ)
1 + a
n +
λ (γ + ε − 1 + λ + a(γ + δ − 1 + λ)) + q
1 + a
n2 + (1 + γ + 2λ)n + (1 + λ)(γ + λ)
=
n2 +
α + β − δ + 2λ + a(γ + δ − 1 + 2λ)
1 + a
n +
λ (α + β − δ + λ + a(γ + δ − 1 + λ)) + q
1 + a
n2 + (1 + γ + 2λ)n + (1 + λ)(γ + λ)
Bn =
n2 + (γ + δ + ε − 3 + 2λ)n + (λ − 1)(γ + δ + ε − 2 + λ) + αβ
n2 + (γ + 1 + 2λ)n + (1 + λ)(γ + λ)
=
n2 + (α + β − 2 + 2λ)n + (α − 1 + λ)(β − 1 + λ)
n2 + (γ + 1 + 2λ)n + (1 + λ)(γ + λ)
d1 = A0 d0 = A A0 d0
(1.4)
We have two indicial roots which are λ = 0 and 1 − γ.
2. Poincare´–Perron theorem and its applications for solutions of power series
We give a review on the asymptotic behavior of a solution of a linear difference equation
with constant coefficients. Consider a linear recurrence relation of the length k + 1 with constant
coefficients αi where i = 0, 1, 2, · · · , k
u(n + 1) + α1u(n) + α2u(n − 1) + α3u(n − 2) + · · · + αku(n − k + 1) = 0 (2.1)
2
with αk , 0. The characteristic polynomial equation of a recurrence (2.1) is given by
ρk + α1ρ
k−1 + α2ρk−2 + · · · + αk = 0 (2.2)
Denote roots of the characteristic equation (2.2) by λ1, ..., λk.
H. Poincare´ stated that
lim
n→∞
u(n + 1)
u(n)
is equal to one of roots of the characteristic equation in 1885 [16]. And a more general theorem
has been extended by O. Perron in 1921 [15].
Theorem 1. Poincare´–Perron (P–P) theorem [14]: If the coefficient of u(n) in a difference equa-
tion of order k be not zero, for n = 0, 1, 2, · · · , then the equation possesses k fundamental solu-
tions u1(n), · · · , uk(n), such that
lim
n→∞
ui(n + 1)
ui(n)
= λi
where i = 1, 2, · · · , k and λi is a root of the characteristic equation, and n → ∞ by positive
integral increments.
A recurrence relation of coefficients starts to appear by substituting a series y(x) =
∑∞
n=0 dnx
n
into a linear ordinary differential equation (ODE). In general, a 3-term recurrence relation is
dn+1 = α1,n dn + α2,n dn−1 ; n ≥ 1 (2.3)
with seed values d1 = α1,0d0. For the asymptotic behavior of (2.3), limn→∞ α j,n = α j < ∞ where
j = 1, 2 exists. Its asymptotic recurrence relation is
dn+1 = α1 dn + α2 dn−1 ; n ≥ 1 (2.4)
where d1 = α1d0 and d0 = 1. Due to the Poincare´–Perron theorem, we form a characteristic
polynomial such as
ρ2 − α1ρ − α2 = 0 (2.5)
Roots of the polynomial (2.5) have two different moduli
ρ1 =
α1 −
√
α21 + 4α2
2
ρ2 =
α1 +
√
α21 + 4α2
2
(2.6)
We know limn→∞ |dn+1/dn| = limn→∞ |dn+1/dn|. In general, if |ρ1| < |ρ2|, then limn→∞ |dn+1/dn| =
|ρ2|, so that the radius of convergence for a 3-term recursion relation (2.3) is |ρ2|−1. And as if
|ρ2| < |ρ1|, then limn→∞ |dn+1/dn| = |ρ1|, and its radius of convergence is increased to |ρ1|−1. For
the special case, limn→∞ |dn+1/dn| is divergent when |ρ1| = |ρ2| and ρ1 , ρ2, and it is convergent
when ρ1 = ρ2. More details are explained in Appendix B of part A [17], Wimp (1984) [24],
Kristensson (2010) [10] or Erde´lyi (1955) [7].
Table 1 tells us all possible boundary conditions of a Heun function about x = 0 correspond-
ing to the exponent zero where a, x ∈ R; it is obtained by applying the P–P theorem with putting
α1 =
1+a
a and α2 = − 1a in (2.6). In fact, by utilizing the P–P theorem, there are no ways to find
a solution at a = −1 in Table 1. However, we can construct the proper domain at this region by
leaving a solution as the recurrence relation.
Fig. 1 indicates the graph of Table 1 in the a-x plane; shaded area represents the domain of
convergence of a series for the Heun equation around x = 0; it does not include dotted lines.
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Range of the coefficient a Range of the independent variable x
As a = 0 no solution
As |a| ≥ 1 |x| < 1
As |a| < 1 |x| < |a|
Table 1: Boundary condition of x of a Heun function about x = 0 using the P–P theorem
Figure 1: The original P–P theorem
3. Radius of convergence of a power series having a three term recurrence relation
Lemma 2. There is the 3-term recurrence relation with constant coefficients such as
cn+1 = Acn + Bcn−1 (3.1)
with seed values c1 = A and c0 = 1. The generating function of the sequence of (3.1) is given by
y(x) =
∞∑
n=0
cnxn =
1
1 − Ax − Bx2 (3.2)
The domain of convergence (convergence test) of (3.2) is written by
D :=
{
x ∈ C
∣∣∣∣∣∣ |Ax| + ∣∣∣Bx2∣∣∣ < 1
}
(3.3)
Proof. See section 3.3 in Flajolet and Sedgewick’s book [18]. A series expansion of (3.2) is
1
1 − Ax − Bx2 =
∞∑
τ=0
∞∑
m=0
(τ + m)!
τ! m!
x˜τy˜m where x˜ = Ax and y˜ = Bx2 (3.4)
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A real (or complex) series
∑∞
n=0 un is referred to converge absolutely if the series of moduli∑∞
n=0 |un| converge. And the series of absolute values (3.4) is
∞∑
τ=0
∞∑
m=0
(τ + m)!
τ! m!
|x˜|τ|y˜|m =
∞∑
r=0
(|x˜| + |y˜|)r
This double series is absolutely convergent for |x˜| + |y˜| < 1. 
Definition 1. A homogeneous linear ordinary differential equation of order j with variable co-
efficients is of the form
a j(x)y( j) + a j−1(x)y( j−1) + · · · + a1(x)y′ + a0(x)y = 0 (3.5)
Assuming its solution as a power series in the form
y(x) =
∞∑
n=0
dnxn (3.6)
where d0 , 0. We obtain the three-term recurrence relation putting (3.6) in (3.5)
dn+1 = Andn + Bndn−1 (3.7)
where d1 = A0d0.
Theorem 3. Assuming lim
n→∞ An = A < ∞ and limn→∞ Bn = B < ∞ in (3.7), the domain of conver-
gence of (3.6) is written by
D :=
{
x ∈ C∣∣∣ |Ax| + ∣∣∣Bx2∣∣∣ < 1} (3.8)
Proof. We denote An = A An, Bn = B Bn in (1.4). Here, for a Heun case, a numerator (and a
denominator) of An (and Bn) is a polynomial of degrees 2. And the coefficient of a term having
degree 2 is the unity.
Given any positive error bound  and a positive integer N, n ≥ N implies that ∣∣∣An∣∣∣ , ∣∣∣Bn∣∣∣ < 1+
in (1.4). And we denote A˜ = (1 + )A, B˜ = (1 + )B for better simple notation from now on.
For n = N,N + 1,N + 2, · · · in succession, take the modulus of the general term of dn+1 in
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(1.3)
|dN+1| = |AN ||dN | + |BN ||dN−1| ≤ |A˜||dN | + |B˜||dN−1| = c1|dN | + c0|B˜||dN−1|
|dN+2| = |AN+1||dN+1| + |BN+1||dN | ≤ |A˜||dN+1| + |B˜||dN |
≤
(
|A˜|2 + |B˜|
)
|dN | + |A˜||B˜||dN−1| = c2|dN | + c1|B˜||dN−1|
|dN+3| = |AN+2||dN+2| + |BN+2||dN+1| ≤ |A˜||dN+2| + |B˜||dN+1|
≤ |A˜|
((
|A˜|2 + |B˜|
)
|dN | + |A˜||B˜||dN−1|
)
+ |B˜|
(
|A˜||dN | + |B˜||dN−1|
)
=
(
|A˜|3 + 2|A˜||B˜|
)
|dN | + |B˜|
(
|A˜|2 + |B˜|
)
|dN−1| = c3|dN | + c2|B˜||dN−1|
|dN+4| = |AN+3||dN+3| + |BN+3||dN+2| ≤ |A˜||dN+3| + |B˜||dN+2|
≤ |A˜|
((
|A˜|3 + 2|A˜||B˜|
)
|dN | +
(
|A˜|2|B˜| + |B˜|2
)
|dN−1|
)
+ |B˜|
((
|A˜|2 + |B˜|
)
|dN | + |A˜||B˜||dN−1|
)
=
(
|A˜|4 + 3|A˜|2|B˜| + |B˜|2
)
|dN | + |B˜|
(
|A˜|3 + 2|A˜||B˜|
)
|dN−1| = c4|dN | + c3|B˜||dN−1|
|dN+5| = |AN+4||dN+4| + |BN+4||dN+3| ≤ |A˜||dN+4| + |B˜||dN+3|
≤ |A˜|
((
|A˜|4 + 3|A˜|2|B˜| + |B˜|2
)
|dN | +
(
|A˜|3|B˜| + 2|A˜||B˜|2
)
|dN−1|
)
+|B˜|
((
|A˜|3 + 2|A˜||B˜|
)
|dN | +
(
|A˜|2|B˜| + |B˜|2
)
|dN−1|
)
=
(
|A˜|5 + 4|A˜|3|B˜| + 3|A˜||B˜|2
)
|dN | + |B˜|
(
|A˜|4 + 3|A˜|2|B˜| + |B˜|2
)
|dN−1| = c5|dN | + c4|B˜||dN−1|
|dN+6| = |AN+5||dN+5| + |BN+5||dN+4| ≤ |A˜||dN+5| + |B˜||dN+4|
≤ |A˜|
((
|A˜|5 + 4|A˜|3|B˜| + 3|A˜||B˜|2
)
|dN | +
(
|A˜|4|B˜| + 3|A˜|2|B˜|2 + |B˜|3
)
|dN−1|
)
+|B˜|
((
|A˜|4 + 3|A˜|2|B˜| + |B˜|2
)
|dN | +
(
|A˜|3|B˜| + 2|A˜||B˜|2
)
|dN−1|
)
=
(
|A˜|6 + 5|A˜|4|B˜| + 6|A˜|2|B˜|2 + |B˜|3
)
|dN | + |B˜|
(
|A˜|5 + 4|A˜|3|B˜| + 3|A˜||B˜|2
)
|dN−1|
= c6|dN | + c5|B˜||dN−1|
|dN+7| = |AN+6||dN+6| + |BN+6||dN+5| ≤ |A˜||dN+6| + |B˜||dN+5| ≤ c7|dN | + c6|B˜||dN−1|
|dN+8| = |AN+7||dN+7| + |BN+7||dN+6| ≤ |A˜||dN+7| + |B˜||dN+6| ≤ c8|dN | + c7|B˜||dN−1|
|dN+9| = |AN+8||dN+8| + |BN+8||dN+7| ≤ |A˜||dN+8| + |B˜||dN+7| ≤ c9|dN | + c8|B˜||dN−1|
...
...
(3.9)
Here, c j where j ∈ N0 is a sequence of the 3-term recurrence relation for a generating function
in (3.1). And we take A→ |A˜| and B→ |B˜|.
According to (3.9), then the series of absolute values, 1 + |d1||x| + |d2||x|2 + |d3||x|3 + · · · , is
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dominated by the convergent series
N−1∑
n=0
|dn||x|n + |dN ||x|N +
(
c1|dN | + c0|B˜||dN−1|
)
|x|N+1 +
(
c2|dN | + c1|B˜||dN−1|
)
|x|N+2
+
(
c3|dN | + c2|B˜||dN−1|
)
|z|N+3 +
(
c4|dN | + c3|B˜||dN−1|
)
|x|N+4 + · · ·
=
N−1∑
n=0
|dn||z|n +
(
|dN | + |B˜||dN−1||x|
)
|x|N
∞∑
i=0
ci|x|i (3.10)
From the generating function for the 3-term recurrence relation in (3.2), we conclude
∞∑
i=0
ci|x|i = 1
1 −
(
|A˜x| + |B˜x2|
) (3.11)
(3.11) is absolutely convergent for |A˜x| + |B˜x2| < 1. We know |Ax| < |A˜x| and |Bx2| < |B˜x2|.
Therefore, a Heun series for the 3-term recurrence relation is convergent at |Ax| + |Bx2| < 1 
The condition of an absolute convergence for a Heun function around x = 0 where A = (1 + a)/a
and B = −1/a is given by ∣∣∣∣∣1 + aa x
∣∣∣∣∣ + ∣∣∣∣∣−1a x2
∣∣∣∣∣ < 1 (3.12)
The coefficient a decides the range of an independent variable x as we see (3.12). More precisely,
all possible ranges of a and x are given in Table 2 where a, x ∈ R
Range of the coefficient a Range of the independent variable x
As a = 0 no solution
As a > 0 |x| < 12 (−1 − a +
√
a2 + 6a + 1)
As −1 < a < 0 a < x < −a
As a ≤ −1 |x| < 1
Table 2: Boundary condition of x for the infinite series of a Heun function about x = 0
A graph for the radius of convergence of Table 2 is shown shaded in Fig. 2; it does not include
dotted lines, there is no such solution at the origin (the black colored point), and maximum
modulus of x is the unity.
Dotted boundary lines on the shaded area where a > 0 in Fig. 2,
lim
a→N
−1 − a + √a2 + 6a + 1
2
∼ 1
where N is the sufficiently huge positive real or complex. Then we can argue that |x| < 1 for
a→ N. For examples, if a = 10, then |x| < 0.84429 and as a = 100, |x| < 0.98058.
4. Original Poincare´–Perron theorem vs. revised Poincare´–Perron theorem
As we compare Table 2 with Table 1, both boundary conditions for radius of convergence are
equivalent to each other as a < 0. As a ≥ 1, their ranges of x are slightly different: (i) Radius
7
Figure 2: Revised Poincare´–Perron theorem
of convergence is the unity in Table 1 at a = 1, but we suggest that its radius is approximately
0.414214 in Table 2. (ii) In the region at 0 < a < 1, maximum absolute value of x in Tables 1
and 2 are quiet different. As we see x where a positive real value in Table 2, it is a square root
function of a and the range of its slope with respect to a is between 0.207107 and 1. A variable
x in Table 1 is just linearly increasing line with a slope 1 with respect to a. Since x is a negative
real value in Table 2, the slope of a square root function of a is between -1 and -0.207107. And
the slope of x in Table 1 is just -1. (iii) A square root function for a huge value a in Table 2
is closed to ±1 which demonstrates strong justification of the P–P theorem, but in the region at
0 < a < 1, the P–P theorem is not suitable to obtain radius of convergence of Heun functions any
more.
Now, let’s consider difference between Tables 1 and 2 with respect to numerical computa-
tions. A sequence dn is derived by putting a power series into the Heun’s equation. The boundary
condition of x in Table 1 is obtained by the ratio of sequence dn+1 to dn at the limit n → ∞ in
(2.4): We know limn→∞ |dn+1/dn| = limn→∞ |dn+1/dn|. And the radius of convergence of x in
Table 2 is constructed by applying Lemma 2.
For the simple numeric computation, we treat An and Bn as the unity. The asymptotic recur-
rence relation for a Heun function is
dn+1 = Adn + Bdn−1 =
1 + a
a
dn − 1adn−1 (4.1)
A series solution for the P–P theorem is obtain by putting (4.1) into a power series such as
y(x) = lim
N→∞
N∑
n=0
dnxn (4.2)
As we see (3.4), a summation series solution is given by
y(x) = lim
N→∞
N∑
n=0
N∑
m=0
(n + m)!
n! m!
(
1 + a
a
x
)n (
−1
a
x2
)m
(4.3)
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For instead, if a = 0.8 in Table 2, its boundary condition is approximately −0.368858 < x <
0.368858, and the radius convergence in Table 1 is −0.8 < x < 0.8. First put a = 0.8 in (4.1) and
substitute the new (4.1) into (4.2) by allowing x = 0.3 with various positive integer values of N
in Mathematica program. Similarly, substitute a = 0.8 and x = 0.3 in (4.3). Their numeric values
are given in Tables 3 and 4. As we see them, y(x) is convergent as N → ∞, and we have a same
N y(x)
10 2.285559427400
50 2.285714285714
100 2.285714285714
200 2.285714285714
300 2.285714285714
400 2.285714285714
500 2.285714285714
600 2.285714285714
700 2.285714285714
800 2.285714285714
900 2.285714285714
1000 2.285714285714
Table 3: y(x) in (4.2) at a = 0.8 and x = 0.3
N y(x)
10 2.276337892064
50 2.285714285695
100 2.285714285714
200 2.285714285714
300 2.285714285714
400 2.285714285714
500 2.285714285714
600 2.285714285714
700 2.285714285714
800 2.285714285714
900 2.285714285714
1000 2.285714285714
Table 4: y(x) in (4.3) at a = 0.8 and x = 0.3
approximative value such as 2.2857. It means that the radius of convergence of (4.2) (using the
P–P theorem) and the boundary condition in (4.3) are both available for the analytic solution of
a Heun function.
Substitute a = 0.8 in (4.1) and put the new (4.1) into (4.2) by allowing x = 0.7 with various
positive integer values N. Similarly, we obtain various numerical values of y(x) where N =
10, 50, 100, 200, 300, · · · , 1000 by putting a = 0.8 and x = 0.7 in (4.3). Their numeric values are
given in Tables 5 and 6. A numerical quantities y(x) in Tables 5 and 6 gives us two different
N y(x)
10 1.00791 × 105
50 1.34009 × 1028
100 1.99922 × 1057
200 6.25120 × 10115
300 2.25372 × 10174
400 8.61497 × 10232
500 3.40062 × 10291
600 1.36992 × 10350
700 5.59670 × 10408
800 2.31012 × 10467
900 9.61056 × 10525
1000 4.02305 × 10584
Table 5: y(x) in (4.2) at a = 0.8 and x = 0.7
N y(x)
10 17.722665066666
50 26.622563574231
100 26.666611092450
200 26.666666666578
300 26.666666666667
400 26.666666666667
500 26.666666666667
600 26.666666666667
700 26.666666666667
800 26.666666666667
900 26.666666666667
1000 26.666666666667
Table 6: y(x) in (4.3) at a = 0.8 and x = 0.7
values: (i) Table 5 tells us that y(x) is divergent as N → ∞. (ii) And Table 6 informs us that
y(x) ≈ 26.6667 as N → ∞ is convergent. Table 5 tells us that the radius of convergence using
the P–P theorem is not available for a series solution.
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As we see the above Tables 3–6, we observe that we cannot use the Poincare´–Perron theorem
to obtain the radius of convergence for a power series solution. And a series solution obtained
by applying its theorem is not absolute convergent but only conditionally convergent. Fig.3
represents two different shaded regions of convergence in Figs.1 and 2 where a, x ∈ R: (i) There
is no analytic solutions at a = 0, (ii) in the bright shaded area where a > 0, the domain of absolute
convergence of the series for a Heun function around x = 0 is not available; it only provides the
domain of conditional convergence for it, (iii) and the dark shaded region where a > 0 represents
the domain of its absolute convergence, (iv) in the dark shaded area where a < 0, two different
radii of convergence are equivalent to each other.
Figure 3: Original and revised P–P theorems
Now, we have a curiosity why we cannot apply the P–P theorem into a power series in order
to obtain its radius of convergence. To answer this question, first we should think of the Cauchy
ratio test (d’Alembert ratio test) with limn→∞ |dn+1/dn| = limn→∞ |dn+1/dn|.
Fundamentally, the P–P theorem is obtained by observing a ratio of dn+1 to dn in the dif-
ference equation, letting n → ∞. It demonstrates that its ratio is equivalent to one of roots of
the characteristic polynomial of recurrence. And the radius of convergence for a power series∑∞
n=0 dnx
n is constructed by letting modulus of a root of the characteristic equation times |x| is
less than the unity.
We apply the Cauchy ratio test into a recurrence relation for the radius of convergence of a
Heun function about x = 0 directly, rather than using (2.6), in order to review whether Table 1 is
correct or not. A solution for the recurrence equation for dn in (4.1) is
dn =
−
(
A − √A2 + 4B
)n+1
+
(
A +
√
A2 + 4B
)n+1
2n+1
√
A2 + 4B
(4.4)
where c1 = A and c0 = 1. (4.4) is the closed form expression of (4.1). Multiply limn→∞ |dn+1/dn|
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by |x| and put (4.4) into it
L = lim
n→∞
∣∣∣∣∣∣dn+1dn
∣∣∣∣∣∣ |x| = limn→∞
∣∣∣∣∣∣∣∣∣∣∣
A−√A2+4B
2 − A+
√
A2+4B
2
(
A+
√
A2+4B
A−√A2+4B
)n+1
1 −
(
A+
√
A2+4B
A−√A2+4B
)n+1
∣∣∣∣∣∣∣∣∣∣∣ |x| < 1 (4.5)
There are two possible solutions of (4.5).
If
∣∣∣∣∣∣∣A +
√
A2 + 4B
A − √A2 + 4B
∣∣∣∣∣∣∣ < 1, then L = 12
∣∣∣∣A − √A2 + 4B∣∣∣∣ |x| < 1 (4.6)
Or
If
∣∣∣∣∣∣∣A +
√
A2 + 4B
A − √A2 + 4B
∣∣∣∣∣∣∣ > 1, then L = 12
∣∣∣∣A + √A2 + 4B∣∣∣∣ |x| < 1 (4.7)
For the special case, if A = 2 and B = −1, (4.5) turns to be
L = |x| < 1 (4.8)
By putting A = (1 + a)/a and B = −1/a in (4.6)–(4.8), we confirm that final solutions of radius
of convergence for a Heun function around x = 0 correspond to Table 1 accurately. I wish that
there are some computational errors in Table 1 in order to agree its solutions to the boundary of
the disk of convergence in Table 2. But it does not. There are no errors in Table 1! What’s going
on here? Why does boundary conditions for an infinite series of a Heun function obtained by
applying the P–P theorem disagree with Table 2?
We know that a hypergeometric function is defined by the power series
∞∑
n=0
dnxn = 1 +
ab
c 1!
x +
a(a + 1)b(b + 1)
c(c + 1) 2!
x2 +
a(a + 1)(a + 2)b(b + 1)(b + 2)
c(c + 1)(c + 2) 3!
x3 + · · · (4.9)
And its series consists of 2-term recurrence relation between successive coefficients. We can de-
cide what condition makes (4.9) as absolute convergent by taking the series of moduli
∑∞
n=0 |dn||x|n
such as
∞∑
n=0
|dn||x|n = 1 +
∣∣∣∣∣ abc 1!
∣∣∣∣∣ |x| + ∣∣∣∣∣a(a + 1)b(b + 1)c(c + 1) 2!
∣∣∣∣∣ |x|2
+
∣∣∣∣∣a(a + 1)(a + 2)b(b + 1)(b + 2)c(c + 1)(c + 2) 3!
∣∣∣∣∣ |x|3 + · · · (4.10)
Apply the Ratio Test into (4.10) to obtain its radius of convergence
lim
n→∞
∣∣∣∣∣ (n + a)(n + b)(n + c)(n + 1)
∣∣∣∣∣ |x| < 1 (4.11)
We know |x| < 1 for the absolute convergence of its series.
An asymptotic series expansion of (4.1) is given by
∞∑
n=0
dnxn = 1 + Ax +
(
A2 + B
)
x2 +
(
A3 + 2AB
)
x3 +
(
A4 + 3A2B + B2
)
x4
+
(
A5 + 4A3B + 3AB2
)
x5 + · · · (4.12)
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In general, the series of moduli
∑∞
n=0 |dn||x|n has been taken to determine that (4.12) is whether
absolute convergent or not in the following way.
∞∑
n=0
|dn||x|n = 1 + |A||x| +
∣∣∣A2 + B∣∣∣ |x|2 + ∣∣∣A3 + 2AB∣∣∣ |x|3 + ∣∣∣A4 + 3A2B + B2∣∣∣ |x|4
+
∣∣∣A5 + 4A3B + 3AB2∣∣∣ |x|5 + · · · (4.13)
And the P–P theorem is applied using this basic principle idea into a ratio of dn+1 to dn in the
recurrence relation of a Heun function around x = 0. Actually, this is wrong approach. We
should take all absolute values inside parentheses of (4.12). Otherwise, we cannot obtain any
radius of convergence for a Heun function.
∞∑
n=0
|dn||x|n = 1 +
∣∣∣A∣∣∣|x| + (∣∣∣A2∣∣∣ + ∣∣∣B∣∣∣) |x|2 + (∣∣∣A3∣∣∣ + ∣∣∣2AB∣∣∣) |x|3 + (∣∣∣A4∣∣∣ + ∣∣∣3A2B∣∣∣ + ∣∣∣B2∣∣∣) |x|4
+
(∣∣∣A5∣∣∣ + ∣∣∣4A3B∣∣∣ + ∣∣∣3AB2∣∣∣) |x|5 + · · · (4.14)
As we compare (4.10) with (4.14), we notice that a 2-term recurrence relation of a hypergeo-
metric function starts to appear and a 3-term recursion relation of a Heun function arises. Each
sequence dn of a hypergeometric function has only one term, but the number of a sum of all
coefficients in each sequence dn in (4.1) for a Heun function follows Fibonacci sequence. We
cannot take the absolute value of whole terms in each sequence of a 3-term recursive relation,
but we must take absolute values of individual terms, composed of several coefficients, in each
sequence. Thus we have to take absolute values of A and B in (4.5)–(4.7) to obtain the radius
of convergence. Put A → |A| = |(1 + a)/a| and B → |B| = |−1/a| in (4.6) and (4.7), and final
solutions of radius of convergence for a Heun function around x = 0 correspond to Table 2 ex-
cept the case of a = −1. This is a reason why we obtain errors of the radius of convergence
since we apply the P–P theorem directly. Its theorem only verify that a series solution of a Heun
function is conditionally convergent. In order to use its theorem, we must take all absolute values
of constant coefficients αi in (2.2) such as
ρk + |α1|ρk−1 + |α2|ρk−2 + · · · + |αk | = 0 (4.15)
The roots of the characteristic equation (4.15) is written by λ?1 , ..., λ
?
k . And an absolute value of
ui(n+1)
ui(n)
with limiting n→ ∞ in Thm.1 is equal to the absolute value of λ?i . With this revision, we
also obtain correct radius of convergence for a Heun function which is equivalent to Table 2.
However, as we mention the above, we cannot obtain the radius of convergence for its series
solution in the case of a = −1 by applying the P–P theorem. Because as a = −1 in A → |A| =
|(1 + a)/a| and B→ |B| = |−1/a|, (4.5) turns to be
lim
n→∞
∣∣∣∣∣∣∣∣∣∣∣∣∣
|A|−
√
|A|2+4|B|
2 −
|A|+
√
|A|2+4|B|
2
(
|A|+
√
|A|2+4|B|
|A|−
√
|A|2+4|B|
)n+1
1 −
(
|A|+
√
|A|2+4|B|
|A|−
√
|A|2+4|B|
)n+1
∣∣∣∣∣∣∣∣∣∣∣∣∣
= lim
n→∞
∣∣∣∣∣−1 + (−1)n1 + (−1)n
∣∣∣∣∣
This case is undefined to determine whether the series converge or diverge. Instead, putting
a = −1 in (3.12) directly, we obtain the interval of convergence for a Heun function around
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x = 0. As we see, even if we use the revised P–P theorem, we cannot decide the series solution
for a = −1 is the absolute convergent or not accurately. Because of it, we derived the modified
theorem to obtain the radius of convergence of the multi-term recursive relation in a power series
[4].
Appendix A. Radii of convergence of 192 Heun functions
A machine-generated list of 192 (isomorphic to the Coxeter group of the Coxeter diagram
D4) local solutions of the Heun equation was obtained by Robert S. Maier(2007) [13]. We derive
radii of convergence for nine out of the 192 local solutions of Heun functions in Table 2 [13].
Appendix A.1. (1 − x)1−δHl(a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ; x)
and x1−γ(1 − x)1−δHl(a, q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2 − δ; x)
boundary conditions of the independent variable x of Hl(a, q − (δ − 1)γa;α − δ + 1, β − δ +
1, γ, 2−δ; x) and Hl(a, q−(γ+δ−2)a−(γ−1)(α+β−γ−δ+1);α−γ−δ+2, β−γ−δ+2, 2−γ, 2−δ; x)
are same as eq.(3.12).
Appendix A.2. Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
and (1 − x)1−δHl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1
, 2 − δ, γ; 1 − x)
Replace a coefficient a and an independent variable x by 1 − a and 1 − x in (3.12)
The condition of convergence is∣∣∣∣∣ 11 − a (1 − x)2
∣∣∣∣∣ + ∣∣∣∣∣2 − a1 − a (1 − x)
∣∣∣∣∣ < 1 where a , 1
Appendix A.3. x−αHl
(
1
a
,
q + α[(α − γ − δ + 1)a − β + δ]
a
;α, α − γ + 1, α − β + 1, δ; 1
x
)
Replace coefficient a and x by 1a and
1
x in (3.12). The condition of convergence is∣∣∣ax−2∣∣∣ + ∣∣∣(1 + a)x−1∣∣∣ < 1
Appendix A.4.
(
1 − x
a
)−β
Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
and (1 − x)1−δ
(
1 − x
a
)−β+δ−1
Hl
(
1 − a,−q + γ[(δ − 1)a + β − δ + 1];−α + γ + 1, β − δ + 1, γ, 2 − δ; (1 − a)x
x − a
)
Replace a and x by 1 − a and (1 − a)x
x − a in (3.12). The condition of convergence of (??) is∣∣∣∣∣∣ (1 − a)x2(x − a)2
∣∣∣∣∣∣ +
∣∣∣∣∣ (2 − a)x(x − a)
∣∣∣∣∣ < 1 where x , a
Appendix A.5. x−αHl
(
a − 1
a
,
−q + α(δa + β − δ)
a
;α, α − γ + 1, δ, α − β + 1; x − 1
x
)
Replace a and x by a−1a and
x−1
x in (3.12). The condition of convergence is∣∣∣∣∣∣ a(1 − a) (x − 1)2x2
∣∣∣∣∣∣ +
∣∣∣∣∣ (1 − 2a)(1 − a) (x − 1)x
∣∣∣∣∣ < 1 where a , 1
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Appendix A.6.
( x − a
1 − a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
x − a
)
Replace x by a(x−1)x−a in (3.12). The condition of convergence is∣∣∣∣∣∣a(x − 1)2(x − a)2
∣∣∣∣∣∣ +
∣∣∣∣∣ (1 + a)(x − 1)(x − a)
∣∣∣∣∣ < 1 where x , a
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